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Abstract. We investigate the Chern-Ricci flow, an evolution equation 
of Hermitian metrics generalizing the Kahler-Ricci flow, on eUiptic bun- 
dles over a Riemann surface of genus greater than one. We show that, 
starting at any Gauduchon metric, the flow collapses the elliptic fibers 
and the metrics converge to the puUback of a Kahler-Einstein metric 
from the base. Some of our estimates are new even for the Kahler-Ricci 
fiow. A consequence of our result is that, on every minimal non-Kahler 
surface of Kodaira dimension one, the Chern-Ricci flow converges in the 
sense of Gromov-Hausdorff to an orbifold Kahler-Einstein metric on a 
Riemann surface. 



1. Introduction 

The Chern-Ricci flow is an evolution equation for Hermitian metrics on 
complex manifolds. Given a starting Hermitian metric go, which we repre- 
sent as a real (1, 1) form ujq = V~^{9o)ijdz^ A dz^ , the Chern-Ricci flow is 
given by 

d 

(1.1) — w = -Ric(a;), a;|t=o = wo, 

where Ric(ci;) := —V~ ^dd log det g is the Chern-Ricci form of co. In the case 
when gQ is Kahler, namely dcoQ = 0, (II. ip coincides with the Kahler-Ricci 
flow. 

The Chern-Ricci flow was first introduced by Gill [Uj in the setting of 
manifolds with c^^(M) = 0, where c^^(M) is the first Bott-Chern class 
given by 

cf^iM) = [Ric(w)] G H'/AM,m) = {c^lo^edreal(l,l)-forms} 
1 V ; L V ;j Bcv > ; ^59(C~(M)) 

for any Hermitian metric uj. Making use of an estimate for the complex 
Monge- Ampere equation ^ |35] , Gill showed that solutions to (jl.ip on man- 
ifolds with cY'^{M) = exist for all time and converge to Hermitian metrics 
with vanishing Chern-Ricci form. Gill's theorem generalizes the convergence 
result of Cao [4J for the Kahler-Ricci flow (which made use of estimates of 
Yau [39]). 
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The first and second named authors investigated the Chern-Ricci flow on 
more general manifolds [36^ [37] and proved a number of further results. It 
was shown in particular that the maximal existence time for the flow can 
be determined from the initial metric; that the Chern-Ricci flow on man- 
ifolds with negative first Chern class smoothly deforms Hermitian metrics 
to Kahler-Einstein metrics; that when starting on a complex surface with 
Gauduchon initial metric coq (meaning dduQ = 0), the Chern-Ricci flow ex- 
ists until the volume of the manifold or a curve of negative self-intersection 
goes to zero; and that on surfaces with nonnegative Kodaira dimension the 
Chern-Ricci flow contracts an exceptional curve when one exists. There are 
analogues of all of these results for the Kahler-Ricci flow [H [71 [32l [27] . 

For the rest of this discussion we wish to make the following assumption: 

(*) M is a minimal non-Kahler complex surface and coq is Gauduchon. 

These surfaces are of significant interest as they are not yet completely 
classified. Recall that a surface is minimal if it contains no (— l)-curves and 
every complex surface is birational to a minimal one by via a finite sequence 
of blow downs. Every complex surface admits a Gauduchon metric, and the 
Gauduchon condition is preserved by the Chern-Ricci flow. 

We remark that Streets-Tian |29j earlier proposed the use of a different 
parabolic flow, called the Pluriclosed Flow, to study complex non-Kahler 
surfaces (see Section 2 of ^36j for some discussion on how this flow differs 
from the Chern-Ricci flow). 

The Kodaira-Enriques classiflcation (see [l]) tells us that manifolds M 
satisfying (*) fall into one of the following groups: 

• Kod(M) = 1. Minimal non-Kahler properly elliptic surfaces. 

• Kod(M) = 0. Kodaira surfaces. 

• Kod(M) = — oo. Class VII surfaces which have either: 

o b2{M) = 0. Hopf surfaces or Inoue surfaces by [15 | [T6 | [30]. 

o 62(M) = 1. These are classifled bv [T8l[3T]. 

o 62 (M) > 1. StiU unclassifled. 
Here Kod(M) is the Kodaira dimension of M. The result of Gill [11] 
shows that when Kod(M) = the Chern-Ricci flow exists for all time and 
converges to a Chern-Ricci flat metric. 

In [37], explicit examples of solutions to the Chern-Ricci flow were found 
on all M with Kod(M) = 1, for all Inoue surfaces and for a large class of 
Hopf surfaces. In particular, it was shown that for any M with Kod(M) = 1 
there exists an explicit solution uj{t) of the Chern-Ricci flow for t £ [0, 00) 
with the property that as t — t- 00 the normalized metrics uj{t)/t converge in 
the sense of Gromov-Hausdorff to (C, c^ke) where C is a Riemann surface 
and dxE is the distance function induced by an orbifold Kahler-Einstein 
metric on C. 

The main result of this paper is to show that this collapsing behavior on 
surfaces of Kodaira dimension one in the examples of actually occurs 
for every choice of initial starting Gauduchon metric ojq. Combined with 
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Gill's theorem, our results mean that the only remaining case (presumably 
the most difficult!) under assumption (*) is to understand the behavior of 
the Chern-Ricci flow on surfaces of negative Kodaira dimension. We believe 
that the results of this paper add to the growing body of evidence that 
the Chern-Ricci flow is a natural geometric evolution equation on complex 
surfaces, whose behavior reflects the underlying geometry of the manifold. 

We first consider the case of elliptic bundles over a Riemann surface. Later 
we will see that this is sufficient to understand the behavior of the flow on 
all M with Kod(M) = 1. Suppose that vr : M — )• 5" is now an elliptic bundle 
over a compact Riemann surface S of genus at least 2, with fiber an elliptic 
curve E. We will denote by Ey = -ir~^{y) the fiber over a point y £ S and 
by Wflat,y the unique flat metric on Ey in the Kahler class [a;o|_Bj^]. Let ujs 
be the unique Kahler-Einstein metric on S with Ric(cL!5) = —ujs and let uq 
be a Gauduchon metric on M. 

We consider the normalized Chern-Ricci flow 

d 

(1.2) —uj = -Ric{uj)-uj, uj\t=o = uJo, 

starting at loq. With this normalized flow we will see that the volume of 
the base Riemann surface S remains positive and bounded while the elliptic 
fibers collapse. One could equally well study the unnormalized flow (jl.ip on 
M (so that our main collapsing result would apply to uj{t)/t as in [37J) but 
we choose this normalization to stay in keeping with the literature on the 
Kahler-Ricci flow [21]. From [36] we know that a smooth solution to (|1.2p 
exists for all time (see Section [2] below for more details). In this paper we 
prove the following convergence result as t ^ oo. 

Theorem 1.1. Let u;{t) be a solution of the normalized Chern-Ricci flow 
(jl.2p on M starting at wq- Then as t ^ oo, 

U}{t) — )• '7T*UJs, 

exponentially fast in the C^{M,gQ) topology. In particular, the diameter of 
each elliptic fiber tends to zero uniformly exponentially fast and {M,uj{t)) 
converges to {S,ujs) in the Gromov-Hausdorff topology. 

Furthermore, e^ijj{t)\Ey converges to the metric Wflat,?/ exponentially fast 
in the C^{Ey,gQ) topology, uniformly in y £ S. 

In this theorem we do not need to assume that M is non-Kahler. In 
the case that M is Kahler and is Kahler, then u}{t) is a solution of the 
normalized Kahler-Ricci flow. There are already a number of results on this, 
which we now briefly discuss. 

On a general minimal Kahler elliptic surface, and its higher dimensional 
analogue, the Kahler-Ricci flow was first investigated by Song-Tian [24^1251 . 
They showed that the flow converges at the level of potentials to a general- 
ized Kahler-Einstein metric on the base Riemann surface. The generalized 
Kahler-Einstein equation involves the Weil-Petersson metric and singular 
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currents. These terms arise because, unlike in our case, the fibration struc- 
ture on a Kahler ehiptic surface is not in general locally trivial and may have 
singular fibers. When the Kahler surface is a genuine elliptic bundle over 
a Riemann surface of genus larger than one, the results of Song-Tian give 
collapsing of the fibers along the Kahler- Ricci flow, as well as a uniform 
scalar curvature bound [26]. These convergence results were strengthened 
by Song-Weinkove pH] and Gill [12] in the special case of a product E x S, 
giving C°° convergence of the metrics to the pull-back of a Kahler-Einstein 
metric on the base. Fong-Zhang [9], adapting a technique of Gross- Tosatti- 
Zhang [13] on Calabi-Yau degenerations, established smooth convergence 
for the Kahler-Ricci flow on more general elliptic bundles. In particular, 
the statement of Theorem 11.11 is known if the initial metric ujq is Kahler 
(with the exception of the assertion that the convergence uj{t) — t- 7r*uJs is 
exponential - as far as we know, this result is new even in the Kahler-Ricci 
flow case). 

Of course, we are more interested in manifolds which do not admit Kahler 
metrics. A consequence of our Theorem 11.11 is that we can identify the 
Gromov-Hausdorff behavior of the Chern-Ricci flow on all minimal non- 
Kahler surfaces of Kodaira dimension one. 

Corollary 1.2. Let now it : M ^ S be any minimal non- Kahler properly 
elliptic surface. Then given any initial Gauduchon metric on M we have 
that (M,u}(t)) converges to {S,ds) in the Gromov-Hausdorff topology. 

Here ds is the distance function induced by an orbifold Kahler-Einstein 
metric us on S, whose set Z of orbifold points is precisely the image of the 
multiple fibers ofir. Furthermore, u{t) converges to 1^*^$ in the C^{M,gQ) 
topology, and for any y E S\Z the metrics e^uj{t)\Ey converge exponentially 
fast in the C^{Ey,gQ) topology (and uniformly as y varies in a compact set 
of S\Z) to the flat Kahler metric on Ey cohomologous to [a;o|_By]. 

The key fact we use to prove the corollary is that any minimal non-Kahler 
properly elliptic surface is covered by an elliptic fiber bundle, so that we can 
apply Theorem 11.11 As mentioned above, explicit examples exhibiting the 
behavior of Corollary 11.21 were given in |37j . 

We now outline the steps we need to establish Theorem 11.11 and point 
out some of the difficulties that arise from the non-Kahlerity of the metrics. 

The first parts of the proof follow quite closely the arguments used by 
Song-Tian [24J for the Kahler-Ricci fiow. In Section [21 we show that the 
Chern-Ricci fiow can be written as parabolic complex Monge- Ampere equa- 
tion 

(1.3) = log ^^(^ + ^^^^^)^ _ ^, ^ + ^,Q-Q^ > 0, ^(0) = 

where Co = uj{t) is a family of reference forms (which are metrics for t large) 
given by 

(J = e^'wflat + (1 - e"*)^^, with Wflat = wo + V^ddp, 
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where p is chosen so that Wfiat restricted to the fiber Ey is exactly the 
metric Wfiat,?/ discussed above. Here is a particular fixed volume form 
on M with the property that ^/^^^^\ogV^ = uog- If '■p satisfies (|1.3p then 
(jj{t) = Cj + \/—lddip satisfies the Chern-Ricci flow (jl.2p . 

In Section 3 we establish uniform bounds for ip and if, which imply that 
the volume form of the evolving metric uj{t) is uniformly equivalent to the 
volume form of the reference metric. These follow in the same way as in 
the case of the Kahler-Ricci flow [24j. In addition, we prove a crucial decay 
estimate for (p, 

(1.4) \^\^C{l + t)e-\ 

using the argument of [28]. This estimate makes use of the Gauduchon 
assumption on ujq, and in fact is the only place where we use this condition. 

So far, the torsion terms of uj{t) and uj have not entered the picture. 
They show up in the next step of obtaining uniform bounds for the metrics 
u{t). The evolution equation for tr^w, essentially already computed in [36] , 
contains terms involving the torsion and curvature of the reference metrics 
u). In Section [J] we prove a technical lemma giving bounds for the torsion 
and curvature of these metrics. In particular we show: 

\f\g ^ C, \df\g + \Vf\g + | R^U | 3 ^ Cc'^^ 

To deal with these bounds of order e*/^, our idea is to exploit the strong 
decay estimate ()1.4p on ip to control these terms. 
In Section [5l we evolve the quantity 

Q = log ticoLv - Ae^/^p + ~ , 

noting that e^^'^p is bounded by (jl.4p . The third term of Q is the "Phong- 
Sturm term" |20J, which was used in [36] to control some torsion terms 
along the Chern-Ricci flow. Using the good positive terms arising from the 
Laplacian landing on e^^'^p we can control the bad terms of order e*/^ coming 
from the torsion and curvature of u. We obtain a uniform bound on Q which 
gives the estimate 

(1.5) C-^u ^ w ^ CcD, 

namely, that the solution uj is uniformly equivalent to the reference metric 
(D. 

We point out that our argument here differs substantially from that of 
Song-Tian [24] where they prove first a parabolic Schwarz Lemma, namely 
an estimate of the type lo ^ C^^uos for a uniform C > 0. We were unable 
to prove this by a similar direct maximum principle argument, because of 
troublesome torsion terms arising in the evolution of tTi^ujs- However, we 
still obtain the estimate io ^ C^^cos once we have (II. Sp . 
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The next step is to improve the bound (jl.Sp to the stronger exponential 
convergence result 

(1.6) (1 - Ce-"*)w ^ w ^ (1 + C7e-=*)a;, 

for e > 0. To our knowledge, this estimate is new even for the Kahler-Ricci 
flow on elliptic bundles. The idea is to evolve the quantity 

Q = e^*(tr^6D - 2) - e-'V, 

for a carefully chosen 5 > 1/2 + 2e and again exploit the decay estimate 
(jl.4p . Showing that Q is bounded from above then gives the estimate 

tr^cD - 2 ^ Ce"^*, 

and a similar argument gives the same inequality with tr^jcij replaced by 
ivcjbJ. Combining these two estimates gives (jl.6p . 

However, in order to apply the maximum principle to Q we first require 
an exponential decay estimate for (p. To prove this, we observe that the 
evolution equation for 99 is 




= -R-l-ip, 



where R is the Chern scalar curvature of g. If we had a uniform bound 
for the Chern scalar curvature, an exponential decay estimate for ip would 
follow from this evolution equation and the decay estimate for 99. However, 
we are only able to prove the weaker estimate 

(1.7) - C7 ^ i? ^ Ce^'^. 

Nevertheless, this suffices since the coefficient of t in the exponent is strictly 
less than 1. The bound ()1.7p is the content of Section [6l The factor e*/^ 
arises from the bounds on the curvature and torsion of the reference metrics 
we obtained in Section [H 

The idea for bounding the Chern scalar curvature from above (the lower 
bound is easy) is to consider the quantity u = (p + (p and bound from above 
— An = R + tiu)^s ^ R- Using an idea that goes back to Cheng- Yau [_5j, 
and is used in the context of the Kahler-Ricci flow on Fano manifolds by 
Perelman (see Sesum-Tian [22]) and on elliptic surfaces by Song-Tian [24], 
we first bound the gradient of u by considering the quantity | Vti|^/(A— u) for 
a fixed large A. We then evolve the quantity — Ati + 6|Vn|g, which is almost 
enough to obtain the estimate we need. There are some bad terms which we 
can control by adding large multiples of tri^W5 and tr^jW. We already know 
that these terms are bounded from (II. 5p . Putting this together gives the 
upper bound on scalar curvature and the exponential decay estimate for ip 
that we require. 

Now that we have this exponential decay estimate on ip, we carry out in 
Section [7] the argument mentioned above for the exponential convergence of 
the metrics (11. 6p . 
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In Section El we prove a local Calabi type estimate 
(1.8) \Vg\l ^ Ce2*/3, 

where V is the connection associated to a local semi-flat product Kahler 
metric defined in a neighborhood U. Note that if we had the better estimate 
I V^lg ^ C (as in [28l[l2l[9] for example) then we could immediately conclude 
the global convergence of the metrics uj{t) to vr*^^ from the estimates (11. 4p 
and ()1.5p and the Ascoli-Arzela Theorem. We do not know whether this 
stronger estimate \'^g\l ^ C holds or not. 

To establish (jl.Sp . we use some arguments and calculations similar to the 
local Calabi estimate in [23j. However, a key difference here is that the 
metrics are collapsing in the fiber directions and we need to take account 
of the error terms that arise in this way. The local Calabi estimate is then 
used to establish the last part of Theorem 11.11 that e^uj{t)\Ey converges to 
^aa.t,y exponentially fast in the C^{Ey,gQ) topology, uniformly in y £ S. 

In Section[9]we complete the proofs of Theorem I 1 . 1 1 (this essentially follows 
immediately) and Corollary 11.21 

2. Preliminaries 

2.1. Hermitian geometry and notation. We begin with a brief recap 
of Hermitian geometry and the Chern connection (for more details see for 
example [36]). 

Given a Hermitian metric g, we write cjJ = \/—lg,fjdz^ A dz^ for its asso- 
ciated (1, 1) form, which we will also refer to as a metric. Write V for its 
Chern connection, with respect to which g and the complex structure are co- 
variantly constant. The Christoffel symbols of V are given by F^^- = g^^digjg. 
For example, ii X = X'^di is a vector field then its covariant derivative has 
components V,X^ = diX^ + TfjX^ . 

The torsion tensor of g has components T^^- = F^^- — F^-. We will often 
lower an index using the metric g, writing 

'^ifi = 9kiTij = dig -J - djg.j. 
Note that T--j = T' - if g and g' are Hermitian metrics whose (1, 1) forms 
u and to' differ by a closed form. The Chern curvature of g is defined to be 
^kli^ ~ ^^^^ raise and lower indices using the metric g. We 

have the usual commutation formulae involving the curvature, such as 

[Vk,Vj\x^ = R,j;x^. 

Define the Chern-Ricci curvature of g to be Rf^-^ = g^-^ R^Ji] = —dk&i^ogdeig, 
and we write 

Ric(w) = ^/^Rf^jdz'' A dz^ 
for the associated Chern-Ricci form, a real closed (1,1) form. Write R = 
g^^Rf^j for the Chern scalar curvature. 
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We write A for the complex Laplacian of g, which acts on a function / 
by A/ = g'Widjf. For functions /i, /2, we define (V/i, V/2)g = g'^difidjf2 
and |V/|g = (V/, V/)c,. If a = ^/^a■■Jdz^ A dz-' is a real (1, 1) form and uj 
a Hermitian metric we write tr^a for g^^a-j. 

A final remark about notation: we will write C,C' ,Co, . . . etc. for a 
uniform constant, which may differ from line to line. 

2.2. Elliptic bundles and semi-fiat metrics. We now specialize to the 
setting of Theorem II. li Let vr : Af — t- 5 be an elliptic bundle over a compact 
Riemann surface S of genus at least 2, with fiber an elliptic curve E. Clearly 
TT : M — >■ jS is relatively minimal, because there is no (— l)-curve contained 
in any fiber. We will denote by Ey = 7r~^{y) the fiber over a point y G 5. 
Let ujs be the unique Kahler metric on S with Ric(a;5) = —cos, let ujq be a 
Gauduchon metric on M. 

Since each fiber Ey = TT~^(y) is a torus, we can find a function py on Ey 
with 

the unique flat metric on Ey in the Kahler class [wo|_Ey]. Furthermore we can 
normalize the functions py by Pytoo = 0, so that they vary smoothly in 
y (in general this follows from Yau's estimates [39], although in this simple 
case it can also be proved directly, see also [8| Lemma 2.1]), and they deflne 
a smooth function p on M. We then let 

(2.1) Wflat = uJo + \^ddp. 

cjflat is a semi-flat form, in the sense that it restricts to a flat metric on 
each fiber Ey, but in general it is not positive definite on M. But note that 
'^flat A vr*^;^ is a strictly positive smooth volume form on M. 

2.3. The canonical bundle and long time existence for the flow. 

In the same setting as above, we claim that Km = tt*Ks- To see this, 
start from Kodaira's canonical bundle formula for relatively minimal elliptic 
surfaces without singular fibers [U Theorem V.12.1] 

Km = TT*{Ks^L), 

where L is the dual of -R^tt^Oa/. But since M is an elliptic bundle, it follows 
that the line bundle R^tt^Om is trivial (see e.g. [21 Proposition 2.1]), and 
the claim follows. 

Therefore ci(M) = tt*ci{S) (an alternative more direct proof of this fact 
is contained in Lemma 13. 2p , and so there exists a unique volume form il. 
with 

(2.2) mc{n) = -ujs and n = 2 ujqAus- 

Jm Jm 

Here and henceforth, we are abbreviating tt*ujs by ujs, and for any smooth 
positive volume form we write Ric(O) for the globally defined real (1, 1)- 
form given locally by \/—ldd logO. 
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It follows that the Bott-Chern class of the canonical bundle Km^ which 
equals SI^{Km) = — Cj^*^(M), is nef. In general this means that given any 
e > there exists a real smooth function on M such that — Ric(ct;o) + 
\/—lddfs > — ei^o- Equivalently, this can be phrased by saying that for 
any e > there is a smooth Hermitian metric hs on the fibers of Km with 
curvature form bigger than —eujq. The maximal existence theorem for the 
Chern-Ricci flow [36_, Theorem 1.2] has the following immediate corollary: 

Theorem 2.1. Let (M, wq) be any compact Hermitian manifold. Then the 
Chern-Ricci flow 

d 

(2.3) —Lo = -Ric(a;), uj\t=o = ujo, 

has a smooth solution defined for allt^O if and only if the first Bott-Chern 
class cY'~'{Km) is nef. The exact same statement holds for the normalized 
Chern-Ricci flow (|1.2p . 

Since this theorem was not stated explicitly in [36] , we provide the simple 
proof. 

Proof. An elementary space-time scaling argument allows one to trans- 
form a solution of (jl.2p into a solution of ()2.3p and vice versa, and one 
exists for all positive time if and only if the other one does, so it is enough 
to consider ()2.3p . 

In this case, we know from [36] that as long as a solution uj{t) exists, it is 
of the form 



so if the solution exists for all t ^ 0, then we see that cY'^{Km) is nef. 

Conversely, if c^'^{Km) is nef, then for every given t > we can find a 
smooth function ff with 




and therefore 





which is equivalent to 




and so the flow exists at least on [0,t) by [36i Theorem 1.2]. 



□ 



Applying this to the setting of Theorem 11.11 we obtain a smooth solution 
Lo(t) to the normalized Chern-Ricci flow (11. 2p for t £ [0,oo). 
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2.4. The parabolic complex Monge- Ampere equation. From now on, 
until we get to Section [H we assume we are in tlie setting of Theorem 11.11 
We will rewrite the normalized Chern-Ricci flow (jl.2p as a parabolic complex 
Monge- Ampere equation. Define reference (1, l)-forms Co = Cb{t) by 



UJ 



^fiat + (1 - e *)W5, 



where we recall that Wfiat is defined by (j2.ip . Note that Co may not necessarily 
be positive definite for all t, but there exists a time T/ such that cD > for 
all t Tf. (On the other hand, observe that uj — e~^yj —Iddp is positive 
definite for all t ^ 0). We fix this constant T/ now once and for all. By the 
long time existence result of [36j, we have uniform C°° estimates on (jj{t) 
for t G [0,T/]. Our goal is to obtain estimates on oj{t) for t > Tj which are 
independent of t. 

Define a function ip{t) by 

^v^ = iog-^-9^, m = -P, 

where we recall that Wflat = + \J—lddp and is given by (12. 2p . We claim 
that io{t) = ib + \/ —lddip{t) holds. Indeed, 



d 

—UJ = ujg — = — Ric(J7) — (I), 



and so. 



d — — 

{e\uj -UJ- V^ddif)) = 0, (e*(a; -0- V^ddip))\t=o = 0, 



dt 

which implies that indeed u = uj + \/—lddip. Therefore f also satisfies the 
PDE 

(2.4) = log ^'(^ + ^'9d^)' _ ^, ^ + > 0, ^(0) = 



and conversely every solution of ()2.4p gives rise to a solution u = u + 
\/—ldd(p of the normalized Chern-Ricci flow (jl.2p . 

3. Estimates on the potential and its time derivative 

In this section we collect some estimates on the potential function ip solv- 
ing the normalized Chern-Ricci flow (j2.4p . and its time derivative ip := 
dip/dt. The proofs of these results are almost identical to the corresponding 
results for the Kahler-Ricci flow [24J (see also [28J). For the reader's conve- 
nience we include here the brief arguments. We also point out the one place 
where we use the Gauduchon condition. 

Lemma 3.1. There exists a uniform positive constant C such that on M , 

(i) \ip{t)\ ^ C for allt^ 0. 

(ii) \ip{t)\ ^ C for allt^ 0. 

(in) ^LJ^ ^ o;^ Ccd^ for all t^Tj. 
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Proof. We follow the exposition in [28]. Since e*a;^ = e~*a;|j^^. + 2(1 — 
e~*)tjflat A ujs, we have for t ^ T/, 

(3.1) ^ e^Co^ ^ CO. 

If (f attains a minimum at a point (xojto) with to > Tj, then at that point 

9t ^ O f>^og — (f^-logC-(p, 

giving ip ^ — log C and hence a uniform lower bound for ip. The upper 
bound for if is similar. This gives (i). 
For (ii), we first compute: 

(3.2) (^^-A^9i = tr^(a;5-6D) + l-(^. 

On the other hand, there exists a uniform constant Cq > 1 such that Cqlo > 
LOS for t ^ Tj. We apply the maximum principle to Qi = ip — (Co — l)ip. 
Calculate for t ^ Ti, 

d \ 

— - A) Qi = tr^ius - oj) + I - Coif + (Co - l)tr<^(6<j - u) 



dt 



^ l-Covi + 2(Co-l), 



and the maximum principle shows that Qi is bounded from above uniformly. 
This gives the upper bound for Lp. 

Next consider Q2 = ip + 2ip and compute 

d \ 

— - A j Q2 = ti^ {us - Co) + l + ip - 2tr^ {lo -Lo) tv^Cd + ip - 3. 
By the geometric-arithmetic means inequality, we have for t ^ Tj, 

(3.3) --^ = (^1^) 

Then at a point (xo,to) with to > ^/ where Q2 attains a minimum, ti^Co ^ 
3 — (/9 and so e 2~ ^ C(3 — 93), which gives a uniform lower bound for ip. 
This completes the proof of (ii). 

Part (iii) follows from (i) and (ii) and the equations (12. 4p and (13. ip . □ 

Our next result is an exponential decay estimate for ip. We first need a 
lemma. Recall that the volume form is defined by (j2.2p . This lemma is the 
only place in the paper where we make use of the Gauduchon assumption 
on Wo- 

Lemma 3.2. We have that 

(3.4) n = 2L^flat A LOS. 
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Proof. Since 2 Jj^^ Wfiat A = 2 J^j ujq A us = j\j ^, it is enough to show 
that 

(3.5) V^dd log = 0. 

Fix a small ball B C S over which tt is trivial, so tt~^{B) = B x E. If we 
identify E' = C/A, for some lattice A C C, and call the coordinate on 
C, then dz^ descends to a never vanishing holomorphic 1-form on E. If we 
call a its pullback to B x E, then ^y—la A a is a smooth semi-flat form on 
Tr~^{U). Then there is a function u{y) defined on B such that for any y £ B 
we have 

Wflatby = u{y)V^aAa. 

This is because both Wfjatl^y and -v/^q A a are flat volume forms on Ey, 
and so their ratio is a constant on Ey. Integrating this equality over Ey we 
get 

/ Wflat = u{y) / \/^a A a. 

J Ey J Ey 

But on the one hand the integral yj—la A a is independent of y by 
definition, and on the other hand the function y Wflat is also constant 

in y, because it equals the pushforward vr^KCjfiat and we have 

5(?7r*Wflat = T^*dduj{ia,t = ■K*ddojQ = 0. 

Note that the last equality uses the Gauduchon condition. This implies 
that •7r*a;flat is constant by the strong maximum principle. Therefore li is a 
constant. 

Fix now a point x G M, call y = tt{x), and choose local bundle coordinates 
near x and y, so that in these coordinates the projection vr is given by 
7r{z^, z'^) = z^ . Then write locally 

ujg = y/^g{z^)dz^ A dz^, 
Q = G{z^,z^){^/^fdz^ Adz^ Adz^ Ad:f, 

and compute 

(3.6) F := = _ = G{ug)-\ 

Wflat A (xig u\/—laAaAu}s 

and so locally on S we have 

(3.7) V^ddlog F = ujs + 'RH^s) = 0, 

because Ric(r2) = —ujs = Ric(ct;5). This proves (j3.5|) . 

Incidentally the same calculation proves that the volume form cdQat A ojs 
satisfies 

Ric(a;flat A w^) = -W5, 
which gives another proof of the fact that ci(M) = 7r*ci(5'). □ 
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Very similar arguments can be found in the paper of Song-Tian [21], in 
the Kahler case (see also [25| [34]). 



Remark 3.3. Lemma 13.21 fails if we drop the assumption that dduQ = 0. 
Indeed, consider the case when M = S x E, and let a;^; be a flat Kahler 
metric on E (while cos is as before). If F : S ^ M is any nonconstant 
positive function then 

is a Hermitian metric on M with ddiOQ 7^ 0. We have that ujq = Wflat, 
because ujq is already semi-flat. On the other hand, O = c • oje A 0;^, where 
c is the constant given by 

Therefore we have 

^ 2cjflat A ^5 = FUJE A US- 

We can now prove a decay estimate for ip. The analogous estimate was 
proved for the Kahler- Ricci flow on a product surface in [28l Lemma 6.7]. 
The proof in this case is almost identical, given Lemma 13.21 

Lemma 3.4. There exists a uniform constant C > such that on M x 
[0,00), 

\ip\ ^ C{l + t)e-'. 



Proof. First, we claim that for t ^ Tj, 



(3.8) 



^ C. 



This follows from the argument in \28\ Lemma 6.7]. Indeed, using Lemma 
13.21 we see that 

e*'^^ f- 2ws Awflat + e~*(L^|^t - 2wflat A W5) 
e log — — = e log 

n 2UJS A Wflat 

= e*log(l + 0(e-*)), 

which is bounded. 

Define now Q = e^ip+At, for A a large positive constant to be determined. 
Then 

^..,„,(£!<^±^)..^ 

We wish to bound Q from below. Suppose that {xo,to) is a point with 
to > Tj at which Q achieves a minimum. At this point we have 

0^^^e*log^ + ^^-C' + A 
ot u 
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for a uniform C", thanks to (13. 8p . Choosing A > C gives contradiction. 
Hence Q is bounded from below and it follows that ^ —C{1 + t)e~* for a 
uniform C. The upper bound for ip is similar. □ 

4. Torsion and curvature of the reference metrics 

This section is devoted to proving a technical lemma on estimates for 
the torsion and curvature of the reference metrics. These estimates will be 
needed later in Sections [5] and [8l 

Recall that the reference forms w = 0(1) are given by 

(D = e"*a;flat + (1 - e~^)uJs- 

For t ^ Tj, this defines a Hermitian metric which we denote by g. We will 
use a tilde to denote quantities with respect to g, such as Tj^j for the torsion 

tensor, V for the Chern connection and Rm for the Chern curvature tensor. 
We will write df for the tensor S^T]^ = VjT]^. 

Denote by {T^)ij the torsion tensor of the initial metric go, and T^^j = 
{T^)%{9o)kT Then since dib = e'^dcoo, we have t^jj = e~*T.°-^. 
Lemma 4.1. There exists a uniform constant C such that for t ^ Tj, 

(i) \f\g ^C. ^ 

(ii) |5T|g + |Vr|g + |Rm|g ^ Ce*/2. 

(iii) |V5f I,; + |V9r|g ^ C7e*. 

Proof. We may choose local product holomorphic coordinates inde- 
pendent of t, with in the fiber direction and in the base direction. Since 
fl'flat is flat in the direction, we may assume that derivatives of (5flat)iT 
in the direction vanish. Now with respect to these coordinates, we may 
write 

(4.1) = e"*(5rflat)iT, 5l2 = e"*(5fiat)i2 

(4.2) 52T = e~*(5flat)2T' ^22 = e~*(5'fiat)22 + (1 " e"*)(5'5)22' 

where we are writing gs for Tr*gs. Then a straightforward computation 
shows that there exists a uniform constant C > so that 

^ ^ 5iT ^ Ce-', ^^9''< Ce' 

\g,2\^Ce-' l^'^i^a 

Then _ 

\T\I = ff'-g^'^f^k^f^i^ = e-^'f^f'~gP-^T^k-^. 

This is uniformly bounded since the only unbounded terms of type g^^ are 
the terms g^^ , but by the skew-symmetry of T.".^ in i, j, there can be at most 
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two such terms in the above expression, and each is bounded above by Ce* 
(since the components T.^.-r- are all uniformly bounded in the holomorphic 

coordinates z^^z^). This completes the proof of (i). 

For (ii), note that we may choose the coordinates z^, as above with the 
additional property that at a fixed point x say, the derivative 8293 vanishes. 
This implies that at x we have dig-j = e~*(9i(5fiat)j£ for all Note 
that since our coordinates are independent of t and depend continuously on 
the point x E M, we may allow our constants to depend on this choice of 
coordinate system. 

We first claim that at x, 

(4.3) \m--=f'f%A%^Ce\ 

where F^^ are the Christoffel symbols of the Chern connection of g. Note that 
since F^^ is not a tensor, this quantity depends on our choice of coordinates. 
For (j4.3p compute. 



But this is bounded from above by Ce* since each term of type g^^ is bounded 
from above by Ce*. 
Next note that, at x, 

(4.4) |9,r0.^|? ^ Ce^K 

Indeed this follows from the skew symmetry of 9jT^^- (again, not a tensor) 
in the indices i and j. Then at x, 

(4-5) =^-"%Tl^fk-^kT^j4 

where the last inequality follows from (j4.3p . ()4.4p and the fact that IT^jtI^ ^ 
The bound on |VT|jj is completely analogous (again we compute at x): 

(4.6) =--'*I^^I-f;.T°,-f^7^,li 

^2e--|9,I-J + 4e--|f;4|I-,||^Ce*. 

For the bound on the curvature Rfjf^j of g, we first compute in our coor- 
dinates, 



(4.7) \R,j,j\ ^ Ce 



-2t 
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where by | • | we mean the absolute value as a complex (or real) number. 
Recall that the Chern curvature of g is given by 

Hence from (|4.ip and (|4.2p and the fact that 9iC?5-((5rflat)ii and 9i(5flat)iT 
vanish in our coordinate system, 

^iTiT = - 9i^5iT + 

= e"^* /^5l(gflat)lg<9r(fi'flat)pT- 

{p,g)7^(i,i) 

but since each term g^^ for {p,q) 7^ (1, 1) is uniformly bounded, this gives 

Next we show that 

(4.8) 1^2222! ^ C*. 
For this note that |92%^22l ^ ^ ^^'^ 

9^''d2g2q&29p2 = 5"5252T%5l2 + Y ^^^^252g%5p2' 

P'9 (p,g)7^(i,i) 

but the first term is of order 0(e~*) and the second is uniformly bounded. 
This proves (US]). 

Finally, we show that 

(4.9) lAjfcfl ^ C'e"*, for {i,j,k,£) not all equal. 
To see this observe that, for i,j, k,£ not all equal, we have 

(4.10) \didjhe\ ^ Ce-\ 

Indeed, this follows immediately from (|4.1|) and (|4.2p unless k = £ = 2. But 
then one of i or j must equal 1 and we use the fact that c^i (55)22 = 0- 
Moreover, for i,j,k,£ not all equal, we claim: 



(4.11) 



^ Ce 



Indeed, first assume that neither k nor £ is equal to 2. Then 

I^P^l ^ Ce\ \digkg\ ^ Ce-' and l^g^^l ^ Ce"*, 

and so 

\g'''^di~gk-qdjgpi\ < Ce-*. 
Next suppose that k = 2 and £ = 1. Then 

Yj a^'^dihqC^gpi = Y 9^^9i92TC^gpT + Y 9^^9i9229j9pv 

p,q p p 

The first term on the right hand side is of order 0(e~*) by the same argument 
as above, and the second is of order 0(e~*) since \g^'^\ ^ C, |9i^22l ^ ^ 
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\djgpj\ ^ Ce~*. This proves (|4.1ip if A; = 2 and i = 1 and the case k = 1, 
£ = 2 is similar. 

Finally we deal with the case k = £ = 2. We wish to bound 

p,q 

If one of p or g is equal to 1 then the summand is of order 0(e~*) by similar 
arguments to the ones given above. Otherwise the summand is 

and then we use that fact that one of i or j must be 1, since we are assuming 
that i,j,k,i are not all equal. But l^i^gjl ^ Ce~* and so the summand is 
of order 0(e~*). This completes the proof of (j4.1ip . 

Combining (jilO]) and ([iTT]) gives (03]). 

To complete the proof of (ii), we note that 

Recall that g"^ is bounded by C if (a, b) / (1, 1) and by Ce* if a = 6 = 1. 
When i=j = k = £ = p = q = r = s = l, then we apply (j4.7p to see that 
the summand is bounded by C. We get the same bound iii = j = k = i = 2 
OT:p = q = r = s = 2hy applying ()4.7p . (j4.8p and ()4.9p . Otherwise, both 
of the terms Rfji^j and Rqpsr are bounded by Ce~* (or better) by (j4.7p and 
(j4.9p (because the term -R2222 does not appear). Moreover, at least one of 
the metric terms is bounded by a uniform constant C, while the other 
three are each bounded from above by Ce*. Thus in every case we obtain 
|Rm|? ^ Ce*. Combining this with (j4.5p and (|4.6p gives (ii). 
For (iii), compute 

VpVqT^^.^ =Vp(c%r^^.^ — FgfcT^ji) 

— UpC/q-tj^^ J^ijl^^qk ^qk^-^ije ^pq'^'^ijk ^pk^-^iji 
I "pr "p^ 'f' _ I "pr yI- 'T - 

For the first term we observe that 

^4 12) \B-d-f -I? — p"^*l(9-f)-r°-l? < Ce^* 

because of the skew symmetry in And, as in the proof of (ii), 
(4-13) |%%|? = e-''\d,Tyi ^ CeK 

We claim that 

(4.14) \d,f),\l := r'~9'~^t%-cd,f),^, ^ Ce'K 
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To see this note that at x we have 

= e-'fdpdj{g^,t)kl + (1 - e'')fdpd,{gs)kj 
- e-'^^g'^g'''^dp (s-flat )rs5j (s-flat ) kj, 
and so (with the obvious notation) 

\dpt),\l ^ C {e-^'\dpd,[g^^t)kl\l + \^^o{9s)Jl + e-'*|9p(<7flat)r^5,(5flat),,||?) • 

But the second term equals C|c?292(g5)22p|5^^l^5 find so is bounded by C, 
while the other two terms are bounded by Ce^^ because each term of type 
5*-^ is bounded above by Ce*. This establishes the claim (j4.14p . 

Combining (jSD, KVl^ . (|i33|) . (liTil) and parts (i) and (ii) we have 

proved the bound \ VdT\g ^ Ce*. 
Finally, calculate 

~^P^'^ijk ^ijl'-'P^qk ^qk'-'p-^ijl ^pi^-^ljk ^po'^'^ilk 

I pr J. _ I pr p£ J. _ 
^ ^ pi^ qk-^rji ^ ^ PJ^ qk^iri- 

Arguing as above we can bound the | • |g of all these terms by Ce*. Indeed, 
the only terms which are different are the one involving SpF^^ = —Rqpk^, 
which can be bounded using part (ii) and the one involving dpT^-j which can 
be bounded by the same argument as in (|4.13p . This finishes the proof of 
(iii). □ 



5. Evolution of the trace of the metric 

Let 00 = oj{t) solve the normalized Chern-Ricci flow (|1.2p in the setting of 
Theorem II. li The main theorem we prove in this section is: 

Theorem 5.1. There exists a uniform constant C > such that for t ^ Tj, 

tr^w ^ C. 

Hence the metrics oo and uj are uniformly equivalent for t ^ Tj. 
For the last assertion, note that we have 

(5.1) tr^^LD = ^tr^w, 

and the uniform equivalence of the volume forms and cD^ (Lemma 13. Ih . 
Then an upper bound for tr^jW is equivalent to an upper bound for tr^^cD and 
hence also the uniform equivalence of lo and a). 



COLLAPSING OF THE CHERN-RICCI FLOW ON ELLIPTIC SURFACES 19 



In |28j a similar estimate is proved using a direct maximum principle 
argument and a bound for the potential 99. Here, as discussed in the Intro- 
duction, there are new unbounded terms arising from the torsion. We will 
control these terms using the exponential decay estimate for 93 (Lemma [33]). 

First we need the following lemma. 

Lemma 5.2. For t ^ Tj, the following evolution inequality holds: 
Proof. From [36, Proposition 3.1] we have 

— - A I log tTojU} 

= ( -/^5'^5^^Vfcg.^Vj5p5 + -^g'^^^fctr^t^^^tr^w 

iiqoj \ ■' triXiO; 

- 2Re [a^'^f'flSJjg^;) - g^f'f[,ff,g,, 

+9'^f'Tlff,gr, - tr^^ - f~g''^gf,y,^) ■ 

Note that there are some differences from the computation in ^36] since here 
we are evolving a; by the normalized Chern-Ricci flow, and our reference 
metrics Co depend on time. In particular here we have T^.-j: = T^--^ (instead 
of T---^ = (Tq)-^-^ in [36]). Also, the last two terms above are new: the first 
arising from the —oj term on the right hand side of ()1.2p and the second 
from the time derivative of Co. Fortunately, the contribution of these two 
terms has a good sign. Indeed, observe that ■§ig = gs — g ^ —g and hence 

-tr^a; - g^'g''' gij-^^gki ^ 0. 
Again from Proposition 3.1 in [36j, we have 

J_ f _ gP^g^g^^VkgiNjgpq + -^g'^^dktv^ujdjtT^uj 

- 2Re {g'^''flV-,g^j) - g"^ f'ffff.g,-^ ^ J^^"" {fg'^fAtr^u:) 

Hence to complete the proof of the lemma it remains to show that for t ^ Tj 
we have 

^ {g'^f'iV^Tf, - R,j-fg^-^)g,-, - g^^V.^, - g'^g'%Vjf^, 
+g^f'f^m) ^ C7(tr»e*/2. 
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But this follows easily from Lemma I4.H the fact that the quantities tr^o) 
and trjju; are uniformly equivalent and the inequality ticjUj ^ > for a 
uniform constant C (the geometric- arithmetic means inequality). Indeed, 



1 , n^^, , 1 



Iff 



y y ypj^ i-'-ik\ ^ i.^ , Ay Isly Isli/lgl Is ^ "-^^^ > 



^ lff^¥'^f.^^ffpd ^ -^lff-'bir^blffblT|? ^ c, 



as required. □ 

We can now prove Theorem 15.11 making use of the decay estimate of 99 
(Lemma 13. 4p and the bound on ip (Lemma 13. ip . 

Proof of Theorem \5.1[ We use the fact that e*/^(/9 is uniformly bounded, and 
consider the quantity 

Q = logtr<^w - ^e*/V + ^ , 

where (7 is a uniform constant chosen so that (7 + 6*^^99 ^ 1, and j4 is a large 
constant to be determined later. The idea of adding an extra term, of the 
form of a reciprocal of a potential function, comes from Phong-Sturm [20] 
and was used in the context of the Chern-Ricci flow in [36] . Notice that 

^ — 3-— L 

C + e*/V 

We will show that at a point (a;o,to) with to > Tj at which Q achieves a 
maximum, we have a uniform upper bound of ti^uj, and the theorem will 
follow thanks to Lemma l3.4i 

First compute, using the fact that Aip = 2 — trojW and the bounds for ip 
and ip from Lemma |3.H 



e^l'^Lp 



(5,3) 



V (C7 + e*/V)2y ^ ^ (C-FeV2(^)3 



2|a(e*/V)l 



(C + e*/2(^)3 
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At the point (xq, to), we have dqQ = 0, which imphes that 

Then at this point, 
2 



where for the last step we have used Lemma [3.4^ part (i) of Lemma [4.H and 
the fact that tr^w and tr^^w are uniformly equivalent. 

Combining (j5.2p . (j5.3p and (|5.4p . we have, at a point at which Q achieves 
a maximum, for a uniform C > 0, 



where we are assuming, without loss of generality, that at this maximum 
point of Q we have tr(2,w ^ 1. Choose a uniform A large enough so that 

A^C + 1. 

Then we obtain at the maximum of Q, 

e^/hi^O ^ CA^ + CAe^/^, 

which implies that tr^jti; and hence tr^cj is uniformly bounded from above at 
the maximum of Q. This establishes the estimate trcjUj ^ C and completes 
the proof of the theorem. □ 



6. A BOUND ON THE ChERN SCALAR CURVATURE 

In this section, we establish the following estimate for the Chern scalar 
curvature: 

Theorem 6.1. There exists a uniform constant C such that along the nor- 
malized Chern-Ricci flow (jl.2p we have 

-C7 ^ i? ^ Ce^/^, 

for all t ^ 0. 
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First note that the lower bound for the Chern scalar curvature follows 
from the same argument as in the Kahler-Ricci flow (see for example Theo- 
rem 2.2 in [28j). Indeed, from (|1.2p . we have 

But R = — g"^^ didj log det g and hence 

dR _ ii^ ^ f hi d \ ( d 
'dt ~~ 

= Aii + |Ricp + i? 

^R + ]^R^ + R 

and then the lower bound for R follows. 

We now establish the upper bound of the Chern scalar curvature. Before 
we start the main argument, we need a few preliminary calculations. 

Lemma 6.2. There exists a uniform constant C > such that for t ^ Tj, 
we have 

(6.1) - a) tr^.. ^ -C-'\Vg\l + Ce'/\ 
and 

(6.2) (^^ - tr^u;5 ^ \^g\l - C-^\Vtr^u;s\l + Ce'/^- 

As a consequence, there are uniform positive constants Cq,Ci such that for 

(6.3) (^^ - A^ {tr^ujs + Cotr^oj) ^ -\Vg\l - C{'\Vtr^ujs\l + Cie*/^. 

Proof. For (j6.ip . we compute the evolution of trj^jW. As in Lemma 15.21 we 
may modify \36\ Proposition 3.1] to obtain, for t ^ Tj, 

(I - a) tr^a; = - g^h^'^g'''V,g^jVjg,-, - 2Re (^^I^'^^f^V^^.j 

- g^^Vaf, - 5%%V^TS + g'^f'f[,lffg,-, - tr^c 

-9''f'9{j{{9s)kI-9M)- 

Using Theorem 15. !( Lemma l4.ll and the Cauchy-Schwarz inequality in the 
second term, we obtain (j6.ip . 

The inequality (16. 2p is a parabolic Schwarz Lemma calculation for the 
map vr : M — )• 5 [Ml HO]- Note that we already know that tr^u;^ ^ C since 
the metrics ui and 6j are uniformly equivalent. 
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The computation for (16. 2p is similar to that of Song-Tian [24], except that 
of course here we need to control the extra torsion terms. Given any point 
x G M we choose local coordinates {z*} on M centered at x such that g is the 
identity at x, and a coordinate w on S near 'k{x) S N , which we can assume 
is normal for the metric gs- In these coordinates we can represent the map 
TT as a local holomorphic function /. We will use subscripts like /j, /jj, ... to 
indicate covariant derivatives of / with respect to g. For example we have 

fi = ^^f, = djfi - (g'^gig) fk, fg = fj, = 0. 

We will also write gs for the coefficient of the metric gs in the coordinate 
w, so gs{x) = 1 and the pullback of the metric gs to M is given by fifjgs- 
We use the shorthand h^^ = g^^g^^ fkfiQS, where h^^ is semipositive definite 
and satisfies := h^^h^^g^jgj.-^ ^ C. Then we have (cf. [33] ) 

Atr^cu^ =g^^d,d^ [g^'fkTegs) = 9^' g''"' fk^'h,9s + 9^' h^~' Ri^^-, 
- 9^9''fkTefiTjRs, 
for Rs the scalar curvature of gs, and so 

(6 4) " ^) " + a'^hP'iRp^^j - %,g) 

+ 9^9^'fkTdiTjRs. 

The last term can be dropped since Rs < 0. Now at x we have (9j (trews') = 
^kfkifki and using the Cauchy-Schwarz inequality we have 



(6.5) 



iVtr^^wsl^ = ^ fkifpifpfk 

i,k,p 

k,p \ i / \ j 

Ei/'^i (ei/'^^i') 





={^r^u}s)g'^g^^fkifijgs ^ Cg'^ g^^ fkifijgs- 

Next we claim that given any constant Co we can find a constant C such 
that 

(6.6) W'h^\Rp-,i-, - %,,)! ^ Ce^'^ + ^|V5l^ 



24 V. TOSATTI, B. WEINKOVE, AND X. YANG 

In fact, we only need the case Cq = 1 here, but the general case will be 
useful later. To prove this claim, we first calculate (see also [23l (2.6)]), 

(6.7) =R^^ + 9rgdjT;, = R~^, + gi^dpT[. + grqdjTr 
and therefore 

(6.8) g'^h^HR,q^3 - Rijpq) = -h^%T[^ - g'^h^-'grqdjTr . 

Recall that T-jj = T-jj. Differentiating this gives 
(6.9) 



(6.10) 

= g-.g^'^djf;, - ~g^-^grY'f;,Vjg,^ = g^%f^-, - g^^ i^f^^-g,^. 
Putting together ([63]), (l6lTO we get 



- W^g^^Vjfprq + hP~^g''^g'%irVjgt-,. 

Using again that the metrics g and g are equivalent and \h\g ^ C, we can 
then bound this by 

\9''hP'iRpq^J - < C\df\~, + C\f\-,\Vg\,. 

But from Lemma [4T] we have that \T\g ^ C and I^Tl^ ^ Ce*/^, and so we 
have (16. 6p as required. 

Then ([621) follows from (USD, and follows immediately 

from dll]) and ([62]) • □ 

We can now start the main argument for the proof of Theorem 16.11 Note 
that since many of our inequalities require to be a metric, we will often 
assume (without saying it explicitly) that t ^ Tj, which is not a problem 
since R is bounded on [0, Tj]. As in [23], we consider the quantity u = (p+(p = 

t 2 

log We know that \u\ ^ C, and we have that —Au = R + tic^^ujs ^ R, 
so our goal is to get an upper bound for —Au. First compute from ()3.2p . 

(6.12) ( ^ _ A ) n = tr<^W5 - 1, 



dt 



and 

d 



A\ Au = R'^u^j + Au + Atr^ws- 
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But on the other hand Rfj = —Ufj— {gs)ij, and so 



— - A j An = -|VVn|; - {gs,VVu)g + Au + Atr^wg 

3, — ,9 

^ --I VVn|^ + An + Atr^ws - C, 
2 



using that \gs\g ^ C. From (j6.2p we have 

-Atr^^^5 ^ Ce*/2 + |V5|^ - C^'lVti^ojsll - {Rfj + ff.j) 

^ Ce*/2 + |V(7|^ - C-^\VtT^cos\l + ^|VVn|2, 

where we have used the fact that ^tr^w^ = —h^-'^iQij, with fi'-^ as in the 
proof of Lemma 16.21 Therefore 

(6.13) 



(^^ - (-An) ^ 2|VVn|2 - An + Ce*/^ + \^g\'^^ _ C7-i|Vtr, 



We need a quantity whose evolution can kill the bad term 2|VVn|g, and 
this quantity is |Vn|^. Before we compute its evolution, we need formulae 
to commute two covariant derivatives of the same type. For any function ip 
and (0, 1) form a = a-^^dz^ ^ a short calculation gives 

We will also use the familiar formulae 

[Vi , Vj] = g^^Rq^m^ Rijp-j = Rfuj + ^rj^T;' , 
where the second equation is contained in ()6.7p . We then compute: 
A|Vn|^ 

=g'^g^^ (^V.VjVfcnVjn + VfcnViVjVjn + ViV^nVjVjn + ViV^nVjVfcn^ 
=|VVn|2 + |VVn|2 + g'^ g^^ iV kV^uVju + VfcnViV^Vjn 

- VfcnVi(l]^Vpn) 

=|VVn|2 + |VVn|2 + 2Re(VAn, Vn)^ - g''^ g'^'^T^V pV^Vju 

+ g^'g^^'^g^'m^j^fJ^VkU - g''^g''l%VkuV,VpU - g^'^g'^'d/Tf^VkuVpU 
=1 VVn|2 + |VVn|2 + 2Re(VAn, Vu)g + g'^'^gP'^R^jV^uVkU 

- 2Re [g^g^'Tli^VpVjuVju) + g'^' gP%T;,S/piV kU - g''^ g^'dOf.VkuVpU. 
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We use again (16. 9p and ()6.10p 



9,Tj; = g'i^V^T.r, - g'-'^g'^T.^V^grs, dfT;, = g''VjT^,j - g'' g'-'T^i^Vjgr 
and Lemma l4.1l to conclude that 

A|Vn|2 ^|VVn|2 + \VVu\] + 2Re(VAu, V'u)^ + g'^'^gP'^R^jVguVkU 
- C\VVu\g\Vu\g - Ce'/^\Vu\l - C\Vg\g\Vu\l 

^J|VVtx|2 + |VVn|2 + 2Re{VAu,Vu)g + g'''^gP'^RjVguVkU 



-Ce'/^\Vu\l-C\Vg\,\V 



Next, using (|6.12p . we have 
d - - 

— |Vn|2 = g^^gPiRpjVkuVgU+\Vu\l + 2Re{VAu,Vu)g+2Re{VtT^LOs,Vu)^ 
and hence 

- - \Vu\l ^ - ^\VVu\l - \VVu\l + 2Re{Vtr^ojs,Vu)g 



(6.14) V^* 



+ Ce'/^\Vu\l + C\\/g\g\V 



n|2. 



We wiU use this evolution inequality to bound |Vu|^. 
Proposition 6.3. There is a constant C such that 

\Vu\l ^ Ce'/\ 

Proof. We use the method of Cheng- Yau [5], see also [221 121] ■ We fix a 
constant A such that \u\ ^ ^ — 1 and use (I6.14p to compute 

dt J yA-uj 

1 f d ,\ ,2 |Vn|2 ( d \ 



(6.15) 



A-u\dt y ' {A-uY \dt 

2Re{V\Vu\lVu)g ^ |Vn|^ 
{A - n)2 {A - uf 

- ^l^^^ls - l^^^l^ + 2Re(Vtr^a;5, Vn)g 

+ Ce'l^\Vu\l + C\Vg\g\Vu\^ + {iv^us - ^)j^rrfy 
2Re{V\V u\lVu)g ^ |Vn|^ 
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Note that the term (tr^cjg — 1) can be absorbed in the term — — jz^-^- 

For e > small (to be fixed soon), write 

2Re(V|V'u|2,Vn)g _ 2Re(V|Vu|2, Vn)g 



(A - n)2 {A - n)2 



g 



2{l-e)\Vu 



4 



{A - «)3 ' 

and use the Cauchy-Schwarz inequality to bound 

_ 2Re{V\Vu\l,Vu), ^ | VHg(|VV^|g + | VVn|^) 

^ {A-uy ^ {A-u)^ 

(6.17) I , JVV^I^ + I VV^Ig 
^ ^ " 2 (^ - n)2 ^ (A - u)2 

^ £ |Vn|^ l |VVn|g + |VV^|2 

^ 2{A-uy 2 A-u 

provided e ^ 1/8 (here we fix e). We also bound 

(6.18) ^ ^^C7|V5|^ + --' 



A-u ' 2(A-u)2' 

Putting dEEl), (IHTTBD . (fHTTI) . (fHT^ together, we get 

5 



T^) <jr^(2Re{Vtr„u,s,Vu>5 + Ce'/'|Vu|jj +C|V9| 



2 



Call now 



Qi = -j + C2(tr(^tJ5 + Cotr^w), 



A-u 

where Cq is as in (j6.3p . and C2 is a large uniform constant to be fixed soon. 
We can use (|6.3p to get 

d_ .\ „ . 1 
dt 



a) Qi ^-^(^2Re(Vtr^^5,V7x)^ + Ce*/2|V^x|2^ 



a 



^'\Vg\l-2\mr^us\l + Ce'/\ 
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provided C2 is large enough. We now observe that |Vtr;;jLi;|| ^ 2|V(7|?. 
Indeed, if we choose local coordinates such that g is the identity at a point, 
then at that point we have 
(6.20) 

iVtr^^l? = Y^\Y^V^g£ ^ 2Y,\^kg£ ^ 2 j;|Vfc5.j|' = 2\Vg\l 

k i i,k i,j,k 

Since g and g are uniformly equivalent, we conclude that |Vtr;:j(^|^ ^ C|V(7|g. 
We can then assume that C2 was large enough (this fixes C2) so that 

(6.21) -^\Vg\l^-\VtrMl 
Furthermore, we can bound 

(6.22) C7— J ^ ^ 771-At + 

^ ^ A-u 4:{A-u)-^ 



,6,23) 2 ' -» <|vt.„.,|- + -^+C. 

so combining (l639|) . (lOTD . (f6:22|) . (fOSD we get 



dt y^^^ 2(^-^)3 A-U \ \A-u 
-\Vti^oj\l-\VtT^ujs\l + Ce'. 

We can write this as 

+ ^^^^=^Re(Vtr^a;s,Vn) 

+ ^^^^^^Re(Vtr,u;,Vn)^ 

-|Vtr^a;|2-|Vtr^a;s|^ + Ce*, 
which together with the bounds 

gives us 
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Now define Q2 = e~^^'^Qi, which satisfies 

At a maximum of Q2 (occurring at a time to > 2/) we conclude that | Vu|g ^ 
Ce*, which imphes that Q2 ^ C everywhere. This proves the proposition. 

□ 

Now that we know that |Vti|^ ^ Ce*/^, we can go back to (j6.14p and get 
(6.24) 

^ . \ .2/ 1|V7V7„.|2 |V7V7„,|2 , iv7j.„ .._|2 , i^„|2 , r^t 



A j |Vn|^ ^ - 2 1 VV«|^ - |VV^z|^ + \VtT^ujs\; + \Vg\'g + Ce\ 



Finahy we can put everything together to prove Theorem 16.11 
Proof of Theorem \6.1\ We will show that there is a constant C such that 

and this will give 

Prom (f6T3]l and (lOil) . we see that 

^ - {-i^u + 6|Vn|2) ^ - \VVu\l - + ClVtr^w^j^ 

+ C\Vg\l + Ce\ 

Using ()6.3p we get 

d_ 

dt 

provided C2 is large enough. Define now 

Qs = e"*/^ (-An + 6\Vu\l + C2{tr^ujs + Cotr^iw)) . 

Note that Q3 ^ -Ce-*/^ because -An ^ ^ -C. Then, 

d_ 

dt 



A^ (-An + 6| Vn|2 + C2{ti^ujs + CotiQUj)) ^ -| VVnj^ - An + Ce* 



A^ Q3 < -e-*/2|VV^x|2 - e-*/2^n + Ce*/^ 



where we absorbed a term like e into e*/^. From the Cauchy-Schwarz 
inequality we also have that 



-An)^ ^ 2|VVn 



W„.|2 
9' 



It follows that at a maximum of Q3 (occurring at to > Tj) we have that 
(— An)^ ^ Ce*, which implies that Q3 ^ C everywhere. This completes the 
proof of the theorem. □ 

We end this section by applying our Chern scalar curvature bound to 
obtain an exponential decay estimate for ip. 
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Lemma 6.4. For any r] with < rj < 1/2 and any a with < a < 1/4, 
there exists a constant C such that 

-Ce"^* ^ ^ Ce-"^. 

Proof. We first prove the lower bound by refining an argument in [28{ . We 
have 

(6.25) ^0 = _i?_i_<^ 

and hence, by Theorem 16.11 and the fact that \ip\ is bounded, 

(6.26) ^0(t) ^ Co, 

for a uniform Cq. Suppose for a contradiction that we do not have the bound 
if ^ — Ce"''* for any C. Then there exists a sequence {xk,tk) £ M x [0, oo) 
with tfc — )• oo as A; — )• oo such that 

'f{xk,tk) ^ -ke-'^^K 

Put 7fc = 2Cb^~''*'°' '^o^ °^ work at the point x^. Then by (j6.26p . 

we have that 

k 

v3^--e"'^*'= on [tfc,tfe +7fc]- 

Indeed, 

t-tk+a Q 

ip{tk + a) - ip{tk) = j —ipdt Co-fk, forae[0,7fc], 
and hence (p{tk + a) ^ (p{tk) + Co7a: ^ -A;e~''*'= + |e"''*'= . 



Then, using Lemma 137 

rtk+ik u u2 

-C(l+tfc)e-*^- ^ ipitk+^k)-vitk) = I ipdti^ -7fc-e-^*'= = -^6-2"*'= . 



tk 



But if 2?7 < 1 then we get a contradiction when /c — t- oo and we are done. 

For the upper bound of ip we use the upper bound R ^ Ce*/^ of Theorem 
6.11 From (|6.25p . we have 



(6.27) ^^(t) ^ -Coe*/2, 

for a uniform Cq. Note that we may assume, by increasing Co, that we have 

(6.28) ^^(t) ^ _C7oe*'/2 for i G [t', + 1], 

for any time t'. Suppose for a contradiction that we do not have the bound 
(p ^ Ce~'^^ for any C. Then there exists a sequence {xk,tk) G M x [0, oo) 
with tfc — )• oo as /c — )• oo such that 

ip{xk,tk) ^ ke'^^K 
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Put 7jt = 2^^^"'''^^^'^'^^*'° which we assume for the moment satisfies jk ^ 1- 
From now on we work at the point Xk- Then by (|6.28p . we have that 

k 

(f^-e-"^": on [tk,tk + 7k]- 
Indeed, this follows from (16.281) since 

rtk+a Q 

if{tk + a) - ip{tk) = / -KL'^'^'t ^ -7fcCoe*'=/^, for a e [0,7^], 
Jtk 

and hence ip{tk + a) ^ ip{tk) - 7fcCoe*'=/2 ^ ke'"^'' - |e"'^*'=. 
Then from Lemma |3. 



ftk+lk I. h.2 

C{l+tk)e-'^ ^ ^{tk+lk)-^{tk) = ^dt^ TfeT^e""*^ = — e-(2-+V2)i. . 

Jtk ^ 

But since 2cr + 1/2 < 1 we get a contradiction when — )■ oo and we are 
done. 

It remains to check the case when 7^ > 1. But then we have ip ^ ^e~"^^ 
on [tk^tk + 1] since ^p{tk + a) — (f{tk) ^ — 7fcCoe**''^ for a G [0, 1] and so we 
get ip{tk + a) ^ ^e-"^" for a E [0, 1]. Then 



C(l + tk)e-''^ ^ ip{tk + 1) - ifitk) = I 'pdt'^ '-e 



k 



and we get a contradiction since a < 1. □ 

7. Exponential decay estimates for the metric 

In this section we establish the key estimates which show that uj{t) and lD 
approach each other exponentially fast as t — )• 00. More precisely we prove: 

Theorem 7.1. For any e with < e < 1/8, there exists C such that for 
t > Ti 

(1 - Ce-^^)Cj ^ uj{t) ^ (1 + C7e"=*)w. 

In this section we will always assume t ^ Tj, without necessarily mention- 
ing it explicitly. First, we have the following evolution inequality for tr^^a) 
which has the same form as the inequality for trj^jW given by (j6.ip . We will 
make use of both of these inequalities to prove Theorem 17.11 

Lemma 7.2. We have, for a uniform C > 0, 



Proof. We will use the shorthand h^^ = g^^g^^Qkj- Note that we know already 
that h, g and g are all uniformly equivalent to each other. 

We start by computing a formula for the evolution of ItojCo. First of all, 
we have 
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But 

^i^j9pq =Vi (dj9pg - ^q9ps^ = did^9pq " ^ip^9rq - 9psdit^jg 

and so 

Atr^^ = 5^^/V^/^ffHV.5..Vj<7p^ + V^5.|%p, " 5^^/'%,- 
On the other hand 



d - - 

— tr,^;!; = tr^w + tr^(a;s - Cb) + g'^ hP'^R^-f^. 



Therefore, 



(I -a) t^^u =tr^^^ + 5V^% 



ijki 

+ g'^h^HRpq^j - Rijpq) - g'h'''hP-^v^gkq^Jgfr 

From Lemma |4.H we conclude that 
(7.1) 

(I - a) tr^^ ^ Ce*/2 + g'^h^HR,-qq - R.3,q) - ff'^/^/i^^V.5.,Vj5,j. 
We also use the equivalence of g and h to bound 

(7.2) - g''^g''hP-^VmqVpfe ^ -Co'\^9\l. 
Next we have 

(7.3) \9''hP-\R^-^j - R^j^-)\ ^ Ce*/2 + ^jVg^. 

Indeed, this follows from the same argument as in the proof of (16. 6p . even 
though the tensor h there is different. Combining (I7.ip . (17. 2p . (17. 3j) . we get 
the desired inequality. □ 



Next we use the exponential decay of (p (Lemma 13. 4p and ip (Lemma [6 
to obtain an exponential decay bound from above for tr^^u) — 2 and trcjco — 2. 

Proposition 7.3. For any < e < 1/4 there is a constant C > such that 
for t ^ Ti, 

(7.4) tr^w - 2 ^ Ce""* 
and 

(7.5) tr^iu; - 2 ^ Ce"^*. 
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Proof. Given < e < 1/4, choose t] > e such that e + 1/2 + rj < 1 (in 
particular < < 1/2), and choose 6 satisfying 2e + 1/2 < 6 < e + l/2 + r] 
(in particular < 5 < 1), which we can do because e < tj. For (]7.4p . we 
compute the evolution of 

Qi = e'\tT^u - 2) - e^V- 

From Lemma 13.41 it suffices to obtain a uniform upper bound for Qi. Com- 
pute using Lemma E2] and the fact that Aip = 2 — tri^u), 

d 



dt 



) - <5e^V - e'^V 



(^•6) _e^*(tr^^-2) 

where in the last line we have used the lower bound ip ^ — Ce^''* from 
Lemma 16.41 (since < < 1/2), Lemma 13.41 and the fact that tr^^o; ^ C. 
But we have 5 — r] < e + 1/2 and so at a maximum point of Qi, 

and hence 

e^*(tr<,L;; - 2) ^ ^^(2.-5+1/2)* ^ ^ 

since we chose 5 so that 2e — 5 + 1/2 < 0. This implies that Qi is bounded 
from above at any maximum point, and completes the proof of ()7.4p . 

The proof of ()7.5p is slightly more complicated. First recall that (see 
^) for t ^ Tj, 

I -a) tr^^^Ce*/2. 

Fix a with < e < a < 1/4. From Lemma 16.41 we have 

(7.7) - Ce-"^ ^ 9i ^ C7e~'^*. 

Now choose 5 with 1/2 + 2e < 5 < 1/2 + e + o", which we can do because 
e < a. Then set 

Q2 = e'\tTcoUJ - 2) - e^V- 

Compute 



(7.8) 



(^^ - a) Q2 ^Ce(^+V2)* _ - e'\tr^O - 2) 
^C7e(^+i/2)*-e^*(tr^t:D-2), 



using ()7.7p and the fact that 5 — a < 1/2 + e. We now wish to replace the 
term tr^jo; by the sum of txcb^ and a small error term. 



(7.9) tr^^w = ^tr^w = tr^w + ^ - 1 tr^w. 
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Then from (|2? 



(13.81) and Lemma [37 

,2 



to 



<^ = log — + 0(e-'^*), 



and so using (|7.7p again 



1 



1 



-at 



which imphes that, since tij^jW is uniformly bounded, 

-,2 



(7.10) 



ijj 



1 tr,:,w 



Then combining ()7.8p . (17. 9p . (17.10p and again using the fact that e^''"'")* < 
e(^+V2)t obtain for t > T/, 

- a) Q2 ^Ce(-+i/2)* _ e'5*(tr^a; - 2) - 

^Ce(^+i/2)*_e5t(tr-^_2). 
Then at the maximum point of Q2 (occurring at a time t > Tj) we have 

e^*(tr^a; - 2) < Ce^2e+i/2-S)t ^ ^, ^ 

since we chose 5 > 1/2 + 2e. This shows that Q2 is bounded from above and 
completes the proof. □ 

To show that u and u approach each other exponentially fast we use an 
elementary lemma: 

Lemma 7.4. Let e > be small. Suppose that 

tr^jo; — 2 ^ e and trcjUJ — 2 ^ e. 

Then 

(1 - 2^ye)u ^ w ^ (1 + 2^/e)oJ. 

Proof. We may work at a point at which g is the identity and g is diagonal 
with eigenvalues Ai, A2. Then the lemma amounts to proving that if Ai, A2 > 
satisfy 

1 1 

Ai + A2<2 + e, — + — ^2 + e, 
Ai A2 

then 

1 - 2^/e ^ Ai ^ 1 + 2y/e, for i = 1,2. 
By symmetry, we only have to prove the estimate for Ai. We have 



(7.11) 



1 (2 + e)Ai-l 

Ai^2 + e-A2, — ^ , 

A2 Ai 



which implies in particular that (2 + e)Ai — 1 > 0. This last inequality 
implies that 

^ {2 + e)X,-l- 
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Then in (Tmi) . 

Multiplying this by (2 + e)Ai — 1 > and simplifying, we get 

A?-(2 + e)Ai + 1^0. 
Completing the square, we obtain 

(Ai-(l + e/2))2 ^£ + £2/4. 
Then, assuming e > is smaller than some universal constant, 

1 - 2Ve ^ Ai ^ 1 + 2Vi, 
as required. □ 

Finally, we complete the proof of Theorem I7.lt 
Proof of Theorem \7.1\ Combine Proposition [7]3] with Lemma [731 D 

8. A THIRD ORDER ESTIMATE 

In this section we prove a "Calabi-type" estimate for the first derivative of 
the evolving metric. One might guess that the natural quantity to consider 
is |V(7|g, following the computation in [28], say. However, we encountered 
difficulties in obtaining a good bound for this quantity because of the non- 
Kahlerity of the reference metrics a). Our idea then is to take a Kdhler 
reference metric. Of course, in general M may not admit a global Kahler 
metric, so we work locally on an open set where the bundle M is trivial. 

We obtain a Calabi estimate on this open set, using a cut-off function and 
a local reference Kahler metric. Our computations are based on those in |23j . 
However, the situation here is complicated by the fact that the metrics are 
collapsing in the fiber directions, and we will need to make careful use of 
the bounds from Lemma |4.1[ 

Fix a point y G S and neighborhood B oi y over which tt is trivial, so 
U = ■K~^{B) = B X E. Over U we have uje = ia A a a d-closed semi-flat 
(1, l)-form constructed as in the proof of Lemma [3.2i Therefore, a) = loe+^s 
is a semi-flat product Kahler metric on U. From now on we work exclusively 
on U, where we define S = \Vg\'^. Fix a smaller open set V CC U. 

Theorem 8.1. On V we have 

S ^ C7e2*/^ 

for all t>0. 

By compactness, we obtain the same bound in any such neighborhood V. 
Recall that Wfiat.y denotes the unique flat metric on the fiber Ey = 7r~^{y) 
in the Kahler class [woIe^]- Exactly as in ^28i Lemma 6.9] (see also [12], [13l 
Theorem 1.1], |9| Proposition 5.8]) we have that: 
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Corollary 8.2. For any y £ S, we have on Ey, 

exponentially fast in the C^{Ey,gQ) topology. Moreover, the convergence is 
uniform in y E S. 

Proof. We use an idea from [Ml p. 440]. Since g\Ey is uniformly equivalent 

to e~^g\Ey = e~^gE, we conclude that 

^ Ce-^S ^ C7e-*/^ 
using Theorem 18.11 But on Ey, gfiat.y is a constant multiple of gE, and so 
|Vg^(e*5b,-5flat,,)lL ^C7e-*/3. 

The rest of the proof follows easily, and exactly as in [28| Lemma 6.9], since 
e^g\Ey and 5flat,j/ lie in the same Kahler class on Ey. □ 

Before we start the proof of Theorem 18. H we need some preliminary 
calculations. Denote by = F*^ — F*^, the difference of the Christoffel 
symbols of g and g. It is a tensor which satisfies l^'l^ = 5. The evolution 
of 5 is computed in [231 (3.4)], generalizing calculations of [391 HI [19], which 
gives 



i.l) 



+ g^'^g^'g-' {^.W^ + y^T^ ^l^.g^'^g.j 



2Re 



g'^V^VpTser + ViVsT 



rpi 



- TtrRa-spi + g^-^A^r^W^.a^'a"' 

where Risp^ is the curvature tensor of g. We are going to bound each of 
these terms separately. The key difference from the calculation in |23j is 
that in our case the torsion T^-j of g does not equal the torsion of g (which 

here is zero), but rather the torsion T^^-j of g. 

Therefore we let = F^, - fj, and H^, = T], - f], = - 

Lemma 8.3. For all t ^ Tj, we have that 

(8.2) \H\g ^ C7e*/2. 

(8.3) \dH\g ^ Ce*/2. 
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(8.4) \VH\g ^ Ce*. 

Proof. At any given point a; G M we can choose local bundle coordinates 
{z^,z^) as before. Then in this coordinate system (|4.3p gives 

where we are using the fact that g and g are uniformly equivalent. Since g 
is a semi-flat product Kahler metric, T*-^ is zero except when i = j = k = 2, 
and so 

|r}fc|g ^ c. 

The bound (j8.2p follows immediately from these bounds. 
Next, note that 

From Lemma 14.11 part (ii), we have that \Rji}^\g ^ Ce*/^, while the fact 
that ^ is a semi-flat product Kahler metric implies that the only nonzero 
component of R is -^222^' ^° 

(8-5) \Rflu\^C^ 

from which ()8.3p follows. 
We have that 

Vlji a Tji -p^ Tji i^l tti , -pi ttI 

p^jk — '-'p^jk ~ ^ pj^ik ~ J- pk-tijl "T i pi^jk- 



Thanks to (j4.3p and (j8.2p . in these coordinates we can bound the \-\g norm 
of the last three terms by Ce*. As for the first term, we have 

(^pH]k = (^p^)k ~ ^P^]ki 

and 

dp^k = a'^dpdjgf^j - g'^f^dpgrsdjgf.j, 
which is zero except when i = j = k = p = 2, and so 

\dp^k\a ^ C. 

On the other hand 

\dpti,\g ^ Ce\ 

thanks to dHH). This proves ([83]) • □ 
We now start bounding the terms in (18. ip . We have 



^I^ik-j - "^I^ikj - ^Ij'^ikq + Hl-Tikq, 

and so thanks to Lemma 14.11 and Lemma 18.31 we have that 
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Therefore we can bound 

(8.6) + 5 + v^T,,^) ^'.^y^g^j 
Next, we compute 



+ {^aHli,)Tijr + HlfNoTijr - "^IbHl^Tijf 



Using again Lemma l4.ll and Lemma 18.31 we can bound 
and so 

(8.7) _ 

- 2Re(^/^(V,Vp7W)¥|;5V^) ^ C(e*5V2 + e'/^S + 5^/2 + \V^\gS^/^). 
Similarly we have 



+ K^bTrfk + K,%%rk - (Va^)T.,. 
- Wk^af^rr + WkKiTsrr + Wk^jfisT 



^^bk^aJ'tjr ^ai^bk^sjr ^aj-^bk-^^sr 



Using again Lemma l4.ll and Lemma 18.31 we can bound 
and so 
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(^^qk — ^qpk^ ~ Rqpk ^ 



Next, we have 

■ qk 

and so we can bound 
(8.9) 



because of 

Finally, we have 



'^rRisp'' — '^rRisp^ — ^iiRlsp^ — ^IpRise^ + '^^t,Risp^ ■ 



But ^ is a product of Kahler-Einstein metrics on Riemann surfaces, therefore 
\I,.Ris/ = 0. Using ([83]) again, we conclude that 

(8.10) - 2Re(^<7'^^5MV.ii.^/¥];5V^) ^ ^5. 

Putting together ([83]), ^M), (EZl), dHS]) and (|8J0]l . we conclude 

that 

(8.11) ("I- _ a) 5 ^ C(e*/25 + e'S^'^ + S^'^) - -| W|2 - 

Next, we define Kahler metrics on U hy ojt = e~^UE + ujs- These are 
uniformly equivalent to uj independent of t thanks to Theorem 15. 1[ Further- 
more, the covariant derivative of ut is independent of t and equal to that of 
(J, and we will denote it by V as before. The same is true for the curvature 
of oJt, which equals R-ijk' ■ We use fSB, Proposition 3.1] to compute 

I - a) tr^,.; = - /I^^^^f V,5,jV^5M " dkqRa,-^ 
-9~'9f^a)^k-/'9f^jf^k3 

We have that 



and so we can use Lemma 14.11 and (18.211 to bound 



IV -T -I < (7p*/2 



Hence, making use of ()8.5p . we have 



(8.12) (^^^^A^tT^.u^-C-'S + Ce'/'', 

for a uniform C > 0. 

We now give the proof of Theorem IS-H along the lines of [23] . 



^K- tr^^w ^ K, 
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Proof. Let K he a large constant such that 

K 

whose value will be fixed later. Let ^ p ^ 1 be a smooth nonnegative 
cutoff function supported in the open ball B in S", which is identically 1 in a 
smaller neighborhood of y, and denote the pullback povr also by p. Consider 
the quantity 

Q = p^— — : h tr^jO; on supp(/9) C U. 

K - iicit^ 

Our goal is to obtain an upper bound for Q, giving the bound S ^ Ce^^l'^ 
on a smaller neighborhood of ?7, which we may assume contains V . We will 
apply the maximum principle to this function Q, noting that it is equal to 
tr^jCj, and hence is bounded, on the boundary of supp(/9). 

We start with the following observations. Since p is the pullback of a 
function from the base S", we have from the estimate Cio ^ a;^, 

(8.13) IVH^^C, lAHs^C, 



independent of t. Furthermore, we have the simple inequalities (see [23 
(3.9), (3.10)]), 

(8.14) |Vtri,^^|2 ^ CS, |V5|2 ^ 25(|VM'|2 + jWl^), 

where the first one also follows from the argument for ()6.20p . 
We can now compute 




4p-— Re(Vp,V5), 



. -I^e(Vp,Vtr, 

Let (xq, to) be a point in supp(p) at which Q achieves a maximum. We may 
assume without loss of generality that > and xq lies in the interior of 
supp(/9). We have at (xo,to)j 

g-2t/3 g ^-21/^ e"^*/^5 

2pVp—- + /o^-r^— V5 + P^TT^— Tn Vtr^^t^ + Vtr^^u; = 0. 

K-iiQ,^oj K-tr^jCj (i^ - tr^jjo;)^ 
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Taking the inner product of this with Vtr^^oj, we see that, at this point, 



^.15) 




-Re(V/9,V5)„+ 



We use (IHUD . (l8l2D . (l8l3D . (IHlil) to obtain at this point, 

,2p2e"2*/^ / ,/2^ , „tcl/2 , c3/2^ 1|v7,t,|2 




+ 1 + 



where we have used the Young inequahty and (18.140 : 

2t/3 Ce-^'/^S p2g-2t/3 |V5|2 




Suppose that at (xq, to) we have e^'^'^^^SK^^ ^ 1, and hence e* ^ 53/2^-3/2 
(otherwise, e~2*/^5 is bounded and thus so is Q). We may also assume that 
5 is much larger than K, say S ^ K'^. Then at this point, 

CK^ ^ K l^K3/4 

Choosing K to be much larger than C^, we see that the second term on the 
left hand side of this inequality dominates all the terms involving p^ on the 
right hand side. This gives 

C Ce-'^^l^ 
C ^3/451/4 K K 

a contradiction since we chose K to be much larger than C^. It follows that 
Q is uniformly bounded from above at the point (xo,io)- This completes 
the proof of the theorem. □ 
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9. Proofs of the main results 

In this section we give the proofs of Theorem 11.11 and Corollary 11.21 

Proof of Theorem The estimate proved in Theorem lT.ll immediately im- 
plies that given any < e < 1/8 there exists a constant C such that 

Mt)-m\\coiM,go)<Ce-''. 
From the definition of co{t) = e^^Wfiat + (1 — e^*)7r*tJ5 we deduce that 

\\uj{t) - vr*a;s||co(M,3o) ^ Ce~^\ 
The Gromov-Hausdorff convergence of {M,uj{t)) to {S,u}s) follows from 
Lemma l9 . 1 1 below. Finally, given any y £ S, the exponential convergence of 
e^uj{t)\Ey to Wfiat,?/ in the C^{Ey,go) topology (uniformly in y), follows from 
Corollary 18.21 and the compactness of M. □ 

We used the following elementary result, which is undoubtedly well-known 
(cf. da Theorem 8.1]). 

Lemma 9.1. Let tt : M ^ S be a fiber bundle, where {M^qm) and {S,gs) 
are closed Riemannian manifolds. If g{t),t ^ 0, is a family of Riemannian 
metrics on M with \\g{t) — t^* gs\\co(M,gM) — ^ as t — )■ oo, then {M,g{t)) 
converges to {S,gs) in the Gromov-Hausdorff sense as t ^ oo. 

Proof. For any y £ S we denote by Ey = 7r~^{y) the fiber over y. Fix e > 0, 
denote by Lt the length of a curve in M measured with respect to g{t), and 
by df the induced distance function on M. Similarly we have Ls,ds on S. 
Using the standard formulation of Gromov-Hausdorff convergence (see e.g. 
[37j). let F = IT : M ^ S and define a map G : — >• M by sending every 
point y € S to some chosen point in M on the fiber Ey. The map G will in 
general be discontinuous, and it satisfies F o G = Id, so 

(9.1) ds{y,F{G{y)))=0. 

On the other hand since g{t)\Ey goes to zero, we have that for any t large 
and for any x G M 

(9.2) dt{x,G{F{x))) i^e. 

Next, given two points xi,X2 G M let 7 : [0, L] — )• S be a unit-speed mini- 
mizing geodesic in S joining F{xi) and F{x2). Since the bundle vr is locally 
trivial, we can cover the image of 7 by finitely many open sets Uj,l ^ j ^ A^, 
such that TT~^{Uj) is diffeomorphic to Uj x E (where E is the fiber of the 
bundle) and there is a subdivision = to < < " " " < ^A^ = of [0, L] 
such that 7([tj_i,tj]) C Uj. Fix a point e € E, and use the trivializations 
to define 7j(s) = (7(5), e), for s E which are curves in M with the 

property that 

\Lt{^j)-Ls{j\it,_„t,])\^e/N, 

as long as t is sufficiently large (because g{t) — iT*gs). The points Jj{tj) and 
7j+i(tj) lie in the same fiber of tt, so we can join them by a curve contained 
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in this fiber with L^-length at most e/2N (for t large). We also join xi 
with 71 (0) and X2 with 7Ar(L) in the same fashion. Concatenating these 
"vertical" curves and the curves 7j, we obtain a piecewise smooth curve 7 
in M joining xi and X2, with 7r(7) = 7 and |it(7) — ds{F{xi),F{x2))\ ^ 2e. 
Therefore, 

(9.3) dt{xi,X2) ^ Lt(7) ^ ds{F{xi),F{x2)) + 2e. 

Since F o G = Id, we also have that for all t large and for all yi, 2/2 £ "S, 

(9.4) (it(G(yi),G(y2)) ^ ds{vi,y2) + 2e. 

Given now two points xi,X2 € M, let 7 be a unit-speed minimizing g{t)- 
geodesic joining them. If we denote by LT^*gg{'^) the length of 7 using the 
degenerate metric iT*gs, then we have for t large, 
(9.5) 

dsiF{xi),F{x2)) ^ Ls{F{-f)) = L^,g,{j) ^ Lt{-f) + e = dt{xuX2) + s, 

where we used again that g{t) — )• iT*gs- Obviously this also implies that for 
all t large and for all 2/1,2/2 £ S, 

(9.6) ds{yi,y2) ^dt{G{yi),G{y2))+e. 

Combining ((91$, ([92]), ([M]), (I93D, ([93]) and I^B) we get the required 
Gromov-Hausdorff convergence. □ 

Proof of Corollary The proof is similar to [371 Theorem 8.2]. From [3l 
Lemmas 1, 2] or |38i Theorem 7.4] we see that there is a finite unramified 
covering p : M' — )• M (with deck transformation group T) which is also 
a minimal properly elliptic surface vr' : M' — )• S' and tt' is an elliptic fiber 
bundle with S' a compact Riemann surface of genus at least 2. Furthermore, 
r also acts on S' (so that tt' is P-equivariant), with finitely many fixed points 
whose union Z is precisely the image of the multiple fibers of tt, with quotient 
S = S' /T, and so that the quotient map q : S' ^ S satisfies q o it' = n o p. 

Denote by los' the orbifold Kahler-Einstein metric on S' with Ric(a;5') = 
—COS'- From the description of M and M' as quotients oi H x C* , where H 
is the upper half plane in C (see e.g. [17], [37l Section 8]), it follows that 
tt'*ujs' is a smooth real (1, 1) form on M' , which also equals p*iT*ujs- Indeed, 
if we lei z & H be the variable in the upper half plane, w € C* , and y = Imz, 
then from the arguments in [37l Section 8] we see that the form tt*ujs on M 
is induced from the form ^\/—ldz A dz on H x C*, and the exact same 

2y^ V ) 

formula holds on M' . 

Given any Gauduchon metric on M, call u{t) its evolution under the 
normalized Chern-Ricci fiow on M, as before. Let uj'q = P*ijJq, which is a 
F-invariant Gauduchon metric on M' . If we call uj'{t) its evolution under the 
normalized Chern-Ricci fiow on M', then oj'{t) is also F-invariant, and equal 
to p*uj{t). Furthermore, F also acts by isometries of the distance function 
ds' of US', with quotient space {S,ds), the distance function of the orbifold 
metric ujs- 
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Now Theorem 11.11 applied to the elhptic bundle vr' : M' — )• S' shows 
that (M',a;'(t)) converges to {S',ijJs') in the Gromov-Hausdorff topology. 
But exactly as in [37^ Theorem 8.2] we see that the convergence happens 
also in the F-equivariant Gromov-Hausdorff topology, and therefore by [1^ 
Theorem 2.1] or [21^ Lemma 1.5.4] we conclude that {M,u(t)) converges to 
{S, ds) in the Gromov-Hausdorff topology. 

Now we apply Theorem 11.11 again to M' to see that 

||a;'(t) - TT'*uJs'\\cO{M',p*go) ^ Ce~^K 

Fix now an open set U of M, small enough so that p~'^{U) is a disjoint union 
of finitely many copies Uj of U. Then p : Uj ^ U is a biholomorphism for 
each j and the F-action on p~^{U) permutes the Uj^s. Therefore for each 
j, the map p : Uj ^ U gives an isometry between u}'{t)\u^ and u){t)\i/, 
and also between (7r'*cj5/)|[/^. and {tt*u)s)\u- Fixing one value of j, from 
— '^'*^^s'\\co{Uj,p*go) ^ Ce"^*, we conclude that 

\\uj{t) - TT*u;s\\coiu,go) ^ Ce-'K 

Covering M by finitely many such open sets U shows that u}{t) converges to 
Tr*^;^ in the C°(M, i^o) topology. 

Finally, fix any point y G S\Z, and let V he a small open neighborhood 
of y such that n-^iV) ^ V x E and q'^iV) is a disjoint union of finitely 
many copies Vj of V with points yj G Vj mapping to y and with q -.Vj ^ V 
a biholomorphism. Then 7r'~^{Vi) = Vi x E, and under these identifications 
the biholomorphism p : tt'^^{Vi) —?- tt^^{V) equals (g,Id) : Vi x E ^ V x 
E. Under this map the fiber Ey_^ := iT'~^{yi) is carried to the fiber Ey. 
Applying Theorem 1 1.1 1 to M' , we see that e^uj'{t)\E' converges exponentially 
fast in the C^{E'y^, g^) topology to Wflatyi' Kahler metric on E'y^ 

cohomologous to [wo|_b^ ], and the convergence is uniform when varying yi. 
But the local biholomorphism p maps uj'{t) to and Wfl^t jyi ^° "^flat,?/, 

and the result follows. □ 
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